The nearly-neutral theory predicts specific relations between effective population size (N e ), and patterns of divergence and polymorphism, which depend on the shape of the distribution of fitness effects (DFE) of new mutations. However, testing these relations is not straightforward since N e is difficult to estimate in practice. For that reason, indirect proxies for N e have often been used to test the nearly-neutral theory, although with mixed results. Here, we introduce an integrative comparative framework allowing for an explicit reconstruction of the phylogenetic history of N e , thus leading to a quantitative test of the nearly-neutral theory and an independent estimation of the shape parameter of the DFE. We applied our method to primates, for which the nearlyneutral predictions were mostly verified. Estimates of the shape parameter were compatible with independent measures based on site frequency spectra. The reconstructed history of N e in primates seems consistent with current knowledge and shows a clear phylogenetic structure at the superfamily level. Altogether, our integrative framework provides a quantitative assessment of the role of N e in modulating patterns of genetic variation, while giving a synthetic picture of the long-term trends in N e variation across a group of species. diversification models (Fitzjohn, 2010) , so as to examine the role of N e in speciation and extinction patterns. Finally, the underlying codon model could be further elaborated (Rodrigue et al., 2010; De Maio et al., 2013) , so as to achieve a more complete integration of polymorphism and divergence in model-based molecular evolutionary studies (Hernandez et al., 2011) .
Introduction
Effective population size (N e ) is a central parameter in population genetics and in molecular evolution, impacting both genetic diversity and the strength of selection (Charlesworth, 2009; Leffler et al., 2012) . The influence of N e on diversity simply reflects the fact that larger populations can store more genetic variation, while the second aspect, efficacy of selection, is driven by the link between N e and genetic drift: the lower the N e , the more genetic evolution is influenced by the random sampling of individuals over generations. As a result, long-term trends in N e are expected to have an important impact on genome evolution and, more generally, on the relative contribution of adaptive and non-adaptive forces in shaping macro-evolutionary patterns.
The nearly-neutral theory proposes a simple conceptual framework for formalizing the role of selection and drift on genetic sequences. According to this theory, genetic sequences are mostly under purifying selection; deleterious mutation are eliminated by selection, whereas neutral and nearly-neutral mutations are subject to genetic drift and can therefore segregate and reach fixation. The inverse of N e defines the selection threshold under which genetic drift dominates. This results in specific quantitative relations between N e and key molecular parameters (Ohta, 1995) .
In particular, species with small N e are expected to have a higher ratio of nonsynonymous (d N ) to synonymous (d S ) substitution rates and a higher ratio of nonsynonymous (π N ) to synonymous (π S ) nucleotide diversity. Under certain assumptions, these two ratios are linked to N e through allometric functions in which the scaling coefficient is directly related to the shape of the distribution of fitness effects (DFE) (Kimura, 1979; Welch et al., 2008; Castellano et al., 2018) .
The empirical test of these predictions raises the problem that N e is difficult to measure directly in practice. In principle, N e could be estimated through demographic and census data. However, the relation between census and effective population size is far from straightforward. Consequently, many studies which have tried to test nearly-neutral theory have used proxies indirectly linked to N e . In particular, life history traits (LHT, essentially body mass or maximum longevity) are expected to correlate negatively with N e (Waples et al., 2013) . As a result, d N /d S or π N /π S are predicted to correlate positively with LHT. This has been tested, leading to various outcomes, with both positive and negative results (Eyre-Walker et al., 2002; Popadin et al., 2007; Nikolaev et al., 2007; Lartillot, 2013; Nabholz et al., 2013; Romiguier et al., 2014; Figuet et al., 2016) .
More direct estimations of N e can be obtained from π S since, in accordance with coalescent theory, π S = 4N e u (with u referring to the mutation rate per site per generation). Thus, one would predict a negative correlation of d N /d S or π N /π S with π S and a positive correlation between LHT and π S . Such predictions have been tested in several previous studies (Romiguier et al., 2014; Figuet et al., 2016) , with encouraging results. However, these more specific tests of the nearlyneutral theory are only qualitative, at least in their current form, in which N e is indirectly accessed through π S without any attempt to correct for the confounding effect of the mutation rate u and its variation across species.
In this study, we aim to solve this problem by using a Bayesian integrative approach, in which the joint evolutionary history of a set of molecular and phenotypic traits is explicitely reconstructed along a phylogeny. This method has previously been used to test the predictions of the nearlyneutral theory via indirect proxies of N e (Lartillot, 2013; Nabholz et al., 2013) . Here, we propose an elaboration on this approach, in which the variation in the mutation rate per generation u is globally reconstructed over the phylogeny by combining the relaxed molecular clock of the model with data about generation times. This in turns allows us to tease out N e and u from the π S estimates obtained in extant species, thus leading to a complete reconstruction of the phylogenetic history of N e and of its scaling relations with others traits such as d N /d S or π N /π S . Using this reconstruction, we can conduct a proper quantitative test of some of the predictions of the nearlyneutral theory and then compare our findings with independent knowledge previously derived from the analysis of site frequency spectra. The approach requires a multiple sequence alignment across a group of species, together with polymorphism data, ideally averaged over many loci to stabilize the estimates, as well as data about life-history traits in extant species and fossil calibrations.
Here, we apply it to previously published phylogenetic and transcriptome data (Perelman et al., 2011; Figuet et al., 2016) , focussing the analysis on primates, a group for which coding-sequence evolution has been suggested to be globally compatible with a nearly-neutral regime (Eyre-Walker & Keightley, 2009; Galtier, 2016) .
Results

Life-history traits do not reflect effective population size in primates
Using an integrative comparative approach, based on a multivariate log-Brownian covariant model for rates and traits (Coevol, Lartillot & Poujol, 2011) , we first tested the predictions of the nearlyneutral theory in primates, taking life history traits (age of sexual maturity, body mass, longevity and generation time, hereafter abbreviated as LHT) as tentative proxies for effective population size N e . This first analysis gave limited insight into the problem. First, π N /π S does not correlate with any of the LHT. In the case of d N /d S , a significant positive correlation was observed only with longevity and generation time, whereas no correlation was seen with body mass. Finally, concerning π S , only a marginally significant correlation with body mass was observed, which is surprisingly positive.
On the other hand, the correlations among molecular quantities are in agreement with the nearly-neutral predictions. Thus, d N /d S and π N /π S are positively correlated with each other, and both correlate negatively with π S (r 2 = 0.741 for π N /π S and 0.449 for dN/dS). The somewhat weaker correlation of d N /d S with π S could be due either to the presence of a minor fraction of adaptive substitutions or, alternatively, to a discrepancy between the short-term effects reflected in both π S and π N /π S and long-term trends captured by dN/dS.
The simplest interpretation of these contrasted results is that the nearly-neutral model is essentially valid for primates, except that there is just no clear correlation between effective population size and body size or other related life-history traits in this group. Possibly, the phylogenetic scale might be too small to show sufficient variation in LHT that would be interpretable in terms of variation in N e . Alternatively, N e might be driven by other life-history characters (in particular, the mating systems), which may not directly correlate with body size. Of note, even in those cases where the estimated correlation of dN/dS or π N /π S with LHTs were in agreement with the predictions of the nearly-neutral theory (Eyre-Walker et al., 2002; Popadin et al., 2007; Nikolaev et al., 2007; Lartillot, 2013; Nabholz et al., 2013; Romiguier et al., 2014; Figuet et al., 2016) , the reported correlation strengths were often weak, weaker than the correlations found here and elsewhere directly between π S and π N /π S and dN/dS (Romiguier et al., 2014; Figuet et al., 2016) . The use of LHTs as an indirect proxy of N e therefore appears to typically result in a substantial loss of power.
In contrast, the more direct use of polymorphism data at the exome level seems promising.
Teasing apart substitution rates, divergence times and effective population size
The correlation patterns shown by the three molecular quantities π S , d N /d S and π N /π S are sufficiently clearcut to lend themselves to a more direct and more quantitative formalization of the underlying population-genetic mechanisms. In order to achieve this, an explicit estimate of the key parameter N e , and of its variation across species, is first necessary. In this direction, a first simple but fundamental equation relates π S with N e : π S = 4 N e u.
(1)
In order to estimate N e from equation 1, an estimation of u is also required. Here, it can be obtained by noting that:
where r is the mutation rate per site and per year and τ the generation time. Assuming that synonymous mutations are neutral, we can identify the mutation rate with the synonymous substitution rate dS, thus leading to:
Finally, combining equations 1 and 3 and taking the logarithm gives:
This expression suggests to operate a linear transformation on the three variables ln π S , ln d S and ln τ , all of which are jointly reconstructed across the tree by the Bayesian integrative framework used here, so as to obtain a direct phylogenetic reconstruction of ln N e . In addition, since the transformation is linear, the correlation patterns between ln N e and all other variables can be recovered by applying elementary matrix algebra to the covariance matrix estimated under the initial parameterization (see Materials and Methods).
The results of this linearly-transformed correlation analysis are gathered in Table 1 . As predicted by the nearly-neutral theory, π N /π S and d N /d S are negatively correlated with N e . Importantly, these two ratios correlate more strongly with our reconstructed N e than with the originally observed π S (r 2 = 0.767 and r 2 = 0.501 with N e , against r 2 = 0.741 and r 2 = 0.449 with π S ) -as expected if the correlation with π S is mediated by N e . This also suggests that the approach has successfully teased out u and N e from π S , giving more confidence about the reconstructed history of N e returned by the method (see below).
Estimating the shape parameter of the distribution of fitness effects
The quantitative scaling behavior of π N /π S and d N /d S as a function of N e can be further investigated and interpreted in the light of an explicit mathematical model of the nearly-neutral regime. Such mathematical models, which are routinely used in modern Mac-Donald Kreitman tests (Charlesworth & Eyre-Walker, 2008; Eyre-Walker & Keightley, 2009; Halligan et al., 2010; Galtier, 2016) , formalize how demography modulates the detailed patterns of polymorphism and divergence. In turn, these modulations depend on the structure of the distribution of fitness effects (DFE) over non-synonymous mutations (Eyre-Walker & Keightley, 2007) . Mathematically, the DFE is often modelled as a gamma distribution. The shape parameter of this distribution (usually denoted as β) is classically estimated based on empirical synonymous and non-synonymous site frequency spectra. Typical estimates of the shape parameter are of the order of 0.2 in humans (Boyko et al., 2008; Eyre-Walker et al., 2006) , thus suggesting a strongly leptokurtic distribution, with the majority of mutations having either very small or very large fitness effects.
Here, we approach the problem from a different direction. Instead of the site frequency spectrum within a given species, we use the interspecific allometry of dN/dS and π N /π S with N e to estimate the shape parameter of the DFE. To this aim, we make use a theoretical result (Kimura, 1979; Welch et al., 2008) , showing that, when β is small, both π N /π S and d N /d S scale as a function of N e as a power-law, with a scaling exponent equal to β:
In the present case, an estimation of this scaling parameter can easily be obtained, by just computing the slope of the correlation between ln N e and ln π N /π S or ln dN/dS, which is then predicted to be equal to −β:
ln π N /π S = −β ln N e + ln κ 2 .
Of note, this specific relation with the shape of the DFE was used recently for analysing the impact of the variation in N e along the genome in Drosophila (Castellano et al., 2018) .
As shown in Table 2 , the resulting two estimates of β (based on dN/dS and π N /π S ) are congruent with each other, with point estimates at 0.1 and 0.15, respectively, and credible intervals ranging from 0.01 to 0.23. Thus, they are compatible with (although a bit lower than) previously reported independent estimates obtained from site frequency spectra (also reported in Table 2 ).
This important result further consolidates both our phylogenetic reconstruction of N e and the idea of an essentially nearly-neutral regime in primates.
A mechanistic nearly-neutral phylogenetic codon model
Since all of the results presented thus far are compatible with a nearly-neutral regime, we decided to construct a mechanistic version of the model directly from first principles. Thus far, the whole set of variables of interest (dS, dN/dS, π S , π N /π S and generation-time τ ) were jointly reconstructed along the phylogeny, as a multivariate log-normal Brownian process with 5 degrees of freedom. Here instead, only three degrees of freedom are considered (which could be taken as u, N e and τ ), and then the empirically measurable molecular quantities dS, dN/dS, π S and π N /π S are obtained as deterministic functions of these three fundamental variables, according to the equations introduced above (3, 4 and 7). The three structural parameters β, κ 1 and κ 2 involved in these equations (which represent the constraints induced by the assumed DFE), are also estimated. In practice, the model is more conveniently expressed, via a log-linear change of variables, in terms of π S , π N /π S and τ as the three free variables, since these are directly observed in extant primates -from which dS, dN/dS and N e are then derived deterministically (see Materials and Methods).
As a result of the reduction in the dimensionality of the Brownian process, this mechanistic model is more constrained than the previous version explored above (which is more phenomenological in spirit) and is thus expected to have more statistical power. Indeed, compared to its phenomenological counterpart, the mechanistic model yields a more focussed estimate of β (Table   2) , with a posterior median at 0.23 and a credible interval equal to (0.19, 0.27) . This is also closer to independent estimates obtained from site frequency spectra (Kimura, 1979; Welch et al., 2008) .
Phylogenetic Reconstruction of N e
The marginal reconstruction of the history of N e along the phylogeny of primates returned by the mechanistic model introduced in the last section is shown in Figure 1 . More detailed information, with credible intervals, is given in Table 3 for several species of interest and key ancestors along the phylogeny.
N e estimates for the four extant Hominidae (Homo, Pan, Gorilla and Pongo) are globally congruent with independent estimates based on other coalescent-based approaches . In particular, for Humans, N e is estimated to be between 13 000 and 24 000. Concerning the successive last common ancestors along the hominid subtree, our estimation is also consistent with the independent-locus multi-species coalescent (Rannala & Yang, 2003) , giving both similar point estimates and comparable credible intervals (in the range of 25 000 to 100 000 for the three ancestors). On the other hand, the pSMC approach (Li & Durbin, 2011) , such as used in Prado-Martinez et al. (2013) , tends to give systematically lower estimates for extant species and systematically higher estimates for ancestors, compared to both our approach (table 3) and the independent-locus multi-species coalescent (Rannala & Yang, 2003) .
Zooming out over the entire primate phylogeny, we observe that, starting with a point estimate at around 100 000 in the last common ancestor of primates, N e then goes down in Haplorrhini, stabilizing at around 80 000 in Cercopithecidae, 40 000 in Hominoidae (going further down more specifically in Humans), and 40 000 in Platyrrhini (old-world monkeys). Conversely, in Strepsirrhini, N e tends to show higher values, staying at 100 000 in Lemuroidae and going up to 160 000 to 200 000 in Lorisiformes. Finally, large effective sizes are estimated for the two isolated species Tarsius (300 000) and Daubentonia (greater than 10 6 ) -although these latter estimates may not be so reliable, owing to the very long branches leading to these two species.
The reconstruction of N e shown in figure 1 
Discussion
In population genetics, effective population size (N e ) plays two different roles. First, N e directly determines how much genetic diversity can be maintained in a given population. Second, its inverse, 1/N e , defines the relative strength of random drift, compared to selection. Quantitatively, the first role of N e is reflected in the synonymous nucleotide diversity π S = 4N e u. However, as can be seen from this equation, diversity also depends on the mutation rate u per generation. A first key result obtained here, through an integrative dating and comparative analysis, is a separate estimation of N e and u from π S , thus leading to a quantitative reconstruction of the history of N e along the phylogeny of primates.
As for the second role of N e , it is reflected in the two ratios of non-synonymous over synonymous polymorphism (π N /π S ) and divergence (d N /d S ). Under relatively mild asumptions, the nearlyneutral theory predicts that these two quantities should decrease with N e , according to a power-law with a scaling coefficient equal to the shape parameter of the distribution of fitness effects (Kimura, 1979; Welch et al., 2008) . Another key result obtained in the present work is a test of the validity of those predictions of the nearly-neutral theory, leading to an estimate of the scaling coefficient of the order or 0.2, thus compatible with previous estimates based on site frequency spectra (Boyko et al., 2008; Eyre-Walker et al., 2006) . Altogether, our results therefore confirm previous findings from empirical population genetics and suggest that primate coding sequences are essentially evolving under a nearly-neutral regime.
Our model-based inference is potentially subject to several sources of bias. First, it depends on a sufficiently accurate estimation of the mutation rate u, which is itself obtained via the dating component of the model. Molecular dating is known to be sensitive to the exact assumptions of the dating model, in particular the prior on divergence times and fossil calibrations (Inoue et al., 2010) . Another potential issue is that short-term N e (such as reflected by π S ) may be strongly dependent on recent demographic events (Charlesworth, 2009 ) and may thus not be identical with long-term N e (such as reflected by d N /d S ). This might be one of the reasons why d N /d S shows a weaker correlation with π S than π N /π S (Table 1) Thus, overall, further developments are needed, and there are several reasons to be cautious.
Nevertheless, the phylogenetic history of N e obtained here provides a first synthetic picture about the evolution of N e at the scale of an entire mammalian order. What this image suggests in the present case (Figure 1) is that N e stays within a 10-fold range across primates (roughly between 20 000 and 200 000), with a simple structure at the sub-order / super-family level (higher values in Strepsirrhini and lower values in Haplorrhini, particularly in Hominoidae and, less expectedly, in Platyrrhini). Such broad-scale reconstructions, as opposed to focussed estimates in isolated species using coalescent-based methods, are potentially useful in several respects. First, they provide a basis for further testing some of the key ideas about the role of genetic drift in genome evolution Estimation of Polymorphism (π S and π N /π S )
The estimates of the synonymous nucleotide diversity π S and the ratio of non-synonymous over synonymous diversity π N /π S and π S of 9 primate species were obtained from Figuet et al. (2016) .
For each species, estimates were based on 4 individuals. We matched the polymorphism data 
Models
General Principles of the integrative strategy (Coevol)
Coevol is a Bayesian inference software program based on a comparative approach applied to molecular data (Lartillot & Poujol, 2011) . The principal aims of this program are to estimate ancestral continuous traits and to determine the correlations between the different molecular parameters along a phylogeny. Coevol follows a generative modeling strategy to describe the evolution of continuous traits along a phylogenetic tree. The joint evolutionary process followed by traits is modeled as a log-Brownian process. This process is parameterized by a variance-covariance matrix, which thus captures the correlations between traits corrected for phylogenetic inertia. Sequence evolution is described by a codon model (with a separate evolution of d S and d N /d S along the tree). The model is conditioned on data obtained in current species (multiple sequence alignments and quantitative traits), with fossil calibrations, and samples from the joint posterior distribution are obtained by Markov Chain Monte-Carlo (MCMC). The analysis returns an estimation of correlation patterns between traits (covariance matrix) and a reconstruction of the history of the traits along the phylogeny.
Ex-post log-linear transformation of the correlation analysis
As a first step, we ran the original model (such as defined by the current version of Coevol), which we call the phenomenological model in the following. We then used the outputs from these runs to estimate N e and its correlation patterns with other traits. At any given time, the multivariate Brownian process is structured as follows:
Where τ is the generation time and entries X i for i > 5 correspond to all other LHT. Using equation 4, which gives ln N e as a linear combination of the components of the Brownian process, we can define the following linear change of variables:
where K is a numerical constant (depending on the absolute time scale). So, if we define the matrix A:
Finally, since X follows a Brownian process (parameterized by a variancecovariance matrix Σ X ), according to elementary multivariate normal theory, Y follows a Brownian process parameterized by a variance-covariance matrix Σ Y = A × Σ X × A −1 . In practice, we added a new method in Coevol to read the output and apply the linear transformation (from X and Σ X to Y and Σ Y ) on each sample from the posterior distribution. This allows us to produce a reconstruction of N e (posterior mean, credible intervals) and of the correlation matrix Σ Y .
Mechanistic Nearly-Neutral Model
This alternative model uses the original Coevol framework but introduces additional constraints, such that some of the parameters are deduced through deterministic relations implying other Brownian dependent parameters. Specifically, the Brownian free variables are now:
Then, using equations 3, 4 and 7, the other variables of interest can be expressed as deterministic functions:
ln dS = ln π S − ln 4N e − ln τ, ln dN/dS = −β ln N e + ln κ 1 .
This model has three structural free parameters, β, κ 1 and κ 2 , which were each endowed with a normal prior, of mean 0 and variance 1.
Uncoupled Model
The uncoupled model, already implemented in Coevol, is similar to the phenomenological version of the model, except that the variables of interest (dS, dN/dS, π S , π N /π S and τ ) are modelled as independent Brownian processes along the tree. Equivalently, we use a multivariate Brownian model with a diagonal covariance matrix (see Lartillot and Poujol, 2011, for details) .
All these additional models and outputs were written in C++, as addition to the Coevol software Asterisks indicate strength of support ( * pp > 0.95, * * pp > 0.975). 
